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k-lp-Lipschitz t-norms are shown to be ordinal sums of k-lp-Lipschitz Archimedean t-norms.
Additive generators of k-lp-Lipschitz t-norms are characterized by means of k-p-convexity. Several
necessary and suﬃcient conditions for a function to be a k-p-convex additive generator are also
given.
 2007 Elsevier Inc. All rights reserved.
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Triangular norms are binary associative commutative non-decreasing operations on
[0,1] with neutral element 1 [3,8]. Together with the related t-conorms they play an impor-
tant role in fuzzy logic, fuzzy control, in the theory of fuzzy sets, probabilistic metric
spaces, non-additive measures and integrals.
Investigation of the stability of t-norms is an important task for applications. It is often
necessary to be able to estimate the impact of input errors on the result of the processing.
To measure the deviation of the observed input ðx1; y1Þ and the real input ðx0; y0Þ, several
types of norms on R2 can be chosen. In this paper, we have focused on lp norms. For a
given p 2 ½1;1, a t-norm T : ½0; 12 ! ½0; 1 is called lp-Lipschitz if and only if there is a
real constant k 20;1½ such that
jT ðx1; y1Þ  T ðx0; y0Þj 6 k  lpðx1  x0; y1  y0Þ ð1Þ0888-613X/$ - see front matter  2007 Elsevier Inc. All rights reserved.
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A. Mesiarova´ / Internat. J. Approx. Reason. 46 (2007) 596–604 597for all ðx1; y1Þ; ðx0; y0Þ 2 ½0; 12, where the norm lp : R2 ! ½0;1½ is for p 2 ½1;1½ given by
lpðx; yÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jxjp þ jyjpp
p
and in the case of Chebyschev norm l1 we have l1ðx; yÞ ¼
maxðjxj; jyjÞ: Moreover, a t-norm satisfying (1) is called k-lp-Lipschitz. Obviously, each
lp-Lipschitz t-norm is continuous.
Note that for p ¼ 1, we obtain in (1) the standard Lipschitz property (in this case we
will say that the corresponding t-norm is Lipschitz).
In this contribution, we will give the characterization of the class of k-lp-Lipschitz
t-norms for k 20;1½; p 2 ½1;1. The ﬁrst results in this task as well as boundary proper-
ties of classes of k-lp-Lipschitz t-norms given in [5]. Note that for p ¼ 1; k ¼ 1 we obtain
the class of associative copulas, which was already completely characterized in [6,7] as
ordinal sums of t-norms with convex additive generators. Observe that the stability of t-
conorms related to this case p ¼ k ¼ 1 was discussed also in [10]. Note also that the ﬁrst
steps in the discussion of 1-lp-Lipschitz t-norms were introduced in [2]. The characteriza-
tion of the class of k-Lipschitz t-norms for k > 1, which can be found in [4] and partially
also in [9], is an answer to an open problem posed by Alsina et al. in [1].
Because of the neutral element, it is obvious that for all p 2 ½1;1 a t-norm can be k-lp-
Lipschitz only for k 2 ½1;1½. Let us denote by Tk;lp (Tk) the class of all k-lp-Lipschitz
(k-Lipschitz) t-norms. Since for p; q 2 ½1;1; p 6 q, the lp-norm is stronger than the lq-
norm, i.e., lpðx; yÞP lqðx; yÞ for all ðx; yÞ 2 ½0; 12, we know that Tk;lq Tk;lp for all
k 2 ½1;1½. Moreover, also Tk;lp Tm;lp for all p 2 ½1;1; k;m 2 ½1;1½; k 6 m. All classes
Tk;lp are compact (Tk;lp Tk which is compact).
Because of continuity, each k-lp-Lipschitz t-norm can be represented as an ordinal sum
of Archimedean t-norms. It is obvious that if an ordinal sum t-norm is k-lp-Lipschitz, then
every summand in ordinal sum is k-lp-Lipschitz, too.
Proposition 1. Let ðT aÞa2A be a family of k-lp-Lipschitz t-norms and let T be an ordinal sum
of these t-norms, i.e., T ¼ ðhaa; ea; T aiÞa2A for some family of pairwise disjoint open
subintervals ðaa; ea½Þa2A of the unit interval. Then t-norm T is a k-lp-Lipschitz t-norm.Proof. From the properties of lp-norm and the deﬁnition of ordinal sum, we know that
jT ðx1; y1Þ  T ðx0; y0Þj 6 k  lpðx1  x0; y1  y0Þ
for all ðx0; y0Þ; ðx1; y1Þ 2 ½aa; ea2 for some a 2A (this follows from the fact that for each
a 2A; T a and T j½aa;ea2 have the same Lipschitz properties with respect to any lp norm)
and for all ðx0; y0Þ; ðx1; y1Þ 62aa; ea½2 for all a 2A (this follows from the fact that min is
1-lp-Lipschitz for any p 2 ½1;1). Assume that ðx0; y0Þ 2 ½aa0 ; ea0 2 and ðx1; y1Þ 2 ½aa1 ; ea1 2
for some a0; a1 2A; a0 6¼ a1.Then the line connecting points ðx0; y0Þ and ðx1; y1Þ can be di-
vided into several parts which are subsets of squares ½aai ; eai 2; ai 2A and the rest of the
line which is not a subset of any of such squares. Assume that this line consists of three
parts: the ﬁrst part is a subset of ½aa0 ; ea0 2, the second is a subset of ½aa1 ; ea1 2 and the rest
is not a subset of any square ½aa; ea2 (all other cases as well as the case when
ðx0; y0Þ 2 ½aa0 ; ea0 2 and ðx1; y1Þ 62aa; ea½2 for all a 2A, or symmetric case, can be proven
analogically). Denote by ðx2; y2Þ; ðx3; y3Þ the points which separate the ﬁrst and the third
part, and the third and the second part of the line, respectively. Then ðx2; y2Þ ¼
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bP c. Moreover,
jT ðx1; y1Þ  T ðx0; y0Þj ¼ jT ðx1; y1Þ  T ðx3; y3Þj þ jT ðx3; y3Þ  T ðx2; y2Þj
þ jT ðx2; y2Þ  T ðx0; y0Þj
6 k  ðlpðx1  x3; y1  y3Þ þ lpðx3  x2; y3  y2Þ
þ lpðx2  x0; y2  y0ÞÞ
¼ k  ðclpðx1  x0; y1  y0Þ þ ðb cÞlpðx1  x0; y1  y0Þ
þ ð1 bÞlpðx1  x0; y1  y0ÞÞ ¼ k  lpðx1  x0; y1  y0Þ: 
Proposition 1 shows that the problem of characterization of k-lp-Lipschitz t-norms can
be reduced to the characterization of continuous strictly decreasing functions
t : ½0; 1 ! ½0;1, tð1Þ ¼ 0, such that the two-place function T : ½0; 12 ! ½0; 1 given by
T ðx; yÞ ¼ t1ðminðtðxÞ þ tðyÞ; tð0ÞÞÞ ð2Þ
is a k-lp-Lipschitz t-norm.
2. k-lp-Lipschitz t-norms
At ﬁrst we introduce a new notion of k-p-convexity for strictly decreasing functions.
Deﬁnition 1. Let t : ½0; 1 ! ½0;1 be a strictly decreasing function and let
k 2 ½1;1½; p 2 ½1;1 be two real constants. Then t will be called k-p-convex if
tðxþ eÞ  tðxÞ þ tðy þ dÞ  tðyÞP tðzþ k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ep þ dpp
p
Þ  tðzÞ ð3Þ
for all x; y 20; 1½ with tðxÞ þ tðyÞ 6 tð0Þ; tðzÞ ¼ tðxÞ þ tðyÞ and for all e 2 ½0; 1 x;
d 2 ½0; 1 y with 0 < k ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃep þ dppp 6 1 z:
Note that for p ¼ 1 the k-lp-convexity means
tðxþ eÞ  tðxÞ þ tðy þ dÞ  tðyÞP tðzþ kmaxðe; dÞÞ  tðzÞ:
For general p 2 ½1;1 we will use in proofs by convention the notation lpðe; dÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ep þ dppp ,
which for p ¼ 1 means ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃep þ dppp ¼ maxðe; dÞ:
Let us stress that for x ¼ 1 or y ¼ 1 the inequality (3) is always fulﬁlled. For
x ¼ 0 ðy ¼ 0Þ the inequality tðxÞ þ tðyÞ 6 tð0Þ implies y ¼ 1 ðx ¼ 1Þ.
Note that for any p P 1; k P 1 the k-p-convexity implies k-convexity (see [4]), i.e.,
tðzþ keÞ  tðzÞ 6 tðxþ eÞ  tðxÞ ð4Þ
holds for all z 2 ½0; 1½; x 20; 1½, with z 6 x and e 20;min 1 x; 1zk
 . Further, in the case
when p ¼ 1, k-1-convexity of additive generator is equivalent to its k-convexity. The only
non-trivial part is to show that k-convexity implies k-1-convexity. Assume x; y 20; 1½ with
tðxÞ þ tðyÞ 6 tð0Þ; tðzÞ ¼ tðxÞ þ tðyÞ and e 2 ½0; 1 x; d 2 ½0; 1 y with 0 < kðeþ dÞ 6
1 z. Then if both x < zþ kd and y < zþ ke we have for example xþ e 6 zþ kðeþ dÞ
and thus from the monotonicity of t we have tðxþ eÞP tðzþ kðeþ dÞÞ and further
tðxþ eÞ þ tðy þ dÞP tðzþ kðeþ dÞÞ. Now the equality tðzÞ ¼ tðxÞ þ tðyÞ implies
tðxþ eÞ  tðxÞ þ tðy þ dÞ  tðyÞP tðzþ kðeþ dÞÞ  tðzÞ. In the case when xP zþ kd (the
case when y P zþ ke will be treated analogically) the k-convexity of t implies tðxþ eÞ
A. Mesiarova´ / Internat. J. Approx. Reason. 46 (2007) 596–604 599tðxÞ þ tðy þ dÞ  tðyÞP tðzþ kðeþ dÞÞ  tðzþ kdÞ þ tðzþ kdÞ  tðzÞ ¼ tðzþ kðeþ dÞÞ 
tðzÞ:
Additive generators of k-lp-Lipschitz t-norms are characterized by the following result.
Theorem 1. Let t : ½0; 1 ! ½0;1 be a continuous additive generator of a continuous t-norm
T : ½0; 12 ! ½0; 1. Then T is k-lp-Lipschitz if and only if t is k-p-convex.Proof. Let T be k-lp-Lipschitz and let x; y 20; 1½ be such that tðxÞ þ tðyÞ 6 tð0Þ and
e 2 ½0; 1 x; d 2 ½0; 1 y be such that 0 < k ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃep þ dppp 6 1 T ðx; yÞ. Denote T ðx; yÞ ¼ z,
i.e., tðzÞ ¼ tðxÞ þ tðyÞ. Then since T is k-lp-Lipschitz we have
T ðxþ e; y þ dÞ  T ðx; yÞ 6 k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ep þ dpp
p
;
i.e.,
t1ðtðxþ eÞ þ tðy þ dÞÞ 6 zþ k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ep þ dpp
p
and thus
tðxþ eÞ þ tðy þ dÞP tðzþ k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ep þ dpp
p
Þ:
Then since tðzÞ ¼ tðxÞ þ tðyÞ we have
tðxþ eÞ  tðxÞ þ tðy þ dÞ  tðyÞP tðzþ k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ep þ dpp
p
Þ  tðzÞ:
Vice versa, let t be k-p-convex. Suppose that T is not k-lp-Lipschitz. Then there exist
x1; x2; y1; y2 2 ½0; 1 such that T ðx1; y1ÞP T ðx2; y2Þ and T ðx1; y1Þ  T ðx2; y2Þ >
k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jx1  x2jp þ jy1  y2jpp
p
. In the case when x1 P x2 and y1 6 y2 (or analogically when
x1 6 x2 and y1 P y2) we have
kjx1  x2j 6 k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jx1  x2jp þ jy1  y2jpp
q
< T ðx1; y1Þ  T ðx2; y2Þ 6 T ðx1; y2Þ  T ðx2; y2Þ;
which means that T is not k-Lipschitz, i.e., t is not k-convex (see [4]) and thus t is neither k-
p-convex which is a contradiction. Therefore, we need only to check the case when x1 > x2
and y1 > y2. Assume that x ¼ x2; e ¼ x1  x2 and y ¼ y2 and d ¼ y1  y2. We have
T ðxþ e; y þ dÞ  T ðx; yÞ > k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ep þ dpp
p
> 0:
Denote T ðx; yÞ ¼ z. Since 1P T ðxþ e; y þ dÞ we have 1 z > k ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃep þ dppp . In the case when
tðxÞ þ tðyÞ 6 tð0Þ, we have tðzÞ ¼ tðxÞ þ tðyÞ and since tð1Þ is strictly decreasing on ½0; tð0Þ
we have
tðxþ eÞ  tðxÞ þ tðy þ dÞ  tðyÞ < tðzþ k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ep þ dpp
p
Þ  tðzÞ
which is a contradiction. In the case when tðxÞ þ tðyÞ > tð0Þ, we have z ¼ 0 and
T ðxþ e; y þ dÞ > k ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃep þ dppp . Denote u ¼ supfv j T ðx; vÞ ¼ 0g. Then u > y and
tðT ðx; uÞÞ ¼ tðxÞ þ tðuÞ. Now if y þ d 6 u we have
T ðxþ e; uÞ  T ðx; uÞP T ðxþ e; y þ dÞ  T ðx; uÞ > k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ep þ dpp
p
P ke;
which means that T is not k-Lipschitz and thus t is not k-p-convex which is a contradic-
tion. If y þ d > u let us denote d1 ¼ y þ d u. Then d1 < d and
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ep þ dpp
p
> k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ep þ dp1p
q
> 0
which implies
tðxþ eÞ  tðxÞ þ tðuþ d1Þ  tðuÞ < tðz1 þ k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ep þ dpp
p
Þ  tðz1Þ;
where z1 ¼ T ðx; uÞ ¼ 0, which is a contradiction. h
Unfortunately, Theorem 1 does not provide a very good insight about what exactly k-p-
convexity means and that is why we give more results about diﬀerentiable k-p-convex addi-
tive generators.
Theorem 2. Let t : ½0; 1 ! ½0;1 be a continuously differentiable additive generator of a
continuous t-norm T : ½0; 12 ! ½0; 1. Then T is k-lp-Lipschitz if and only if
t0ðxÞ þ mt0ðyÞP k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ mpp
p
 t0ðzÞ ð5Þ
for all m 2 ½0;1½, and for all x; y 2 0; 1½ with tðxÞ þ tðyÞ 6 tð0Þ, z ¼ T ðx; yÞ.Proof. Let T be k-lp-Lipschitz and m 2 ½0;1½. Then t is k-p-convex. Assume e > 0 and let
us set d ¼ dðeÞ ¼ m  e. Then from k-p-convexity of t we have:
tðxþ eÞ  tðxÞ þ tðy þ meÞ  tðyÞP tðzþ ke
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ mpp
p
Þ  tðzÞ;
i.e.,
lim
e!0
tðxþ eÞ  tðxÞ
e
þ m  lim
e!0
tðy þ meÞ  tðyÞ
me
P k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ mpp
p
 lim
e!0
tðzþ ke ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ mppp Þ  tðzÞ
ke
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ mppp ;
i.e., since t is continuously differentiable we have
t0ðxÞ þ mt0ðyÞP k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ mpp
p
 t0ðzÞ:
Vice versa, let t0ðxÞ þ mt0ðyÞP k ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ mppp  t0ðzÞ for all m 2 ½0;1½, and for all x; y 20; 1½
with tðxÞ þ tðyÞ 6 tð0Þ; z ¼ T ðx; yÞ, i.e., we have jt0ðxÞj þ mjt0ðyÞj 6 k ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ mppp  jt0ðzÞj. First
let us note that if t0ðzÞ ¼ 0 for some z 20; 1½, then also t0ðuÞ ¼ t0ðvÞ ¼ 0 for all
u; v 2 ½0; 1 such that tðzÞ ¼ tðuÞ þ tðvÞ, i.e., t0ðxÞ ¼ 0 for all x 2 ½z; 1½, which is not possible
since t is strictly decreasing. Assume that T is not k-lp-Lipschitz. Then suppose that there
exist x; y 20; 1½ and e 20; 1 x; d 2 ½0; 1 y such that
T ðxþ e; y þ dÞ  T ðx; yÞ > k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ep þ dpp
p
> 0
(all other cases of violation of k-lp-Lipschitz property of t-norm T will cause, similarly as in
the proof of Theorem 1, that T is not k-Lipschitz, i.e., according to [4] there will be some
x; z 2 ½0; 1, xP z such that t0ðxÞ < kt0ðzÞ and thus (5) will be violated for m ¼ 0 with
tðyÞ ¼ tðzÞ  tðxÞ). Then there exists a c > 1 such that
T ðxþ e; y þ dÞ  T ðx; yÞ > c  k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ep þ dpp
p
:
Suppose that tðxÞ þ tðyÞ 6 tð0Þ (otherwise we will continue as in the proof of Theorem 1).
Denote x1 ¼ x and y1 ¼ y. If
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2
; y þ d
2
 
> c  k
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ep þ dpp
p
;
then we put x2 ¼ xþ e2 and y2 ¼ y þ d2. In the opposite case, necessarily
T xþ e
2
; y þ d
2
 
 T ðx; yÞ > c  k
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ep þ dpp
p
and we put x2 ¼ x and y2 ¼ y. By iterations we obtain two convergent sequences ðxnÞn2N
and ðynÞn2N such that
lim
n!1
xn ¼ x0; lim
n!1
yn ¼ y0
and
T xn þ e
2n
; yn þ
d
2n
 
 T ðxn; ynÞ > c 
k
2n
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ep þ dpp
p
for all n 2 N: If we denote m ¼ de we have
T xn þ e2n ; yn þ me2n
  T xn; yn þ me2n 
e
2n
þ mT xn; yn þ
me
2n
  T ðxn; ynÞ
me
2n
> c  k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ mpp
p
:
Then, because of the Lagrange theorem, we have
oT nn; yn þ me2n
 
ox
þ m oT ðxn; hnÞ
oy
> c  k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ mpp
p
;
where nn 2 xn; xn þ e2n ½ and hn 2 yn; yn þ me2n ½, i.e., limn!1nn ¼ x0 and limn!1hn ¼ y0. For
n ! 1 it means that oT ðx0;y0Þox þ m oT ðx0;y0Þoy P c  k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ mppp > k ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ mppp . Since T ðx; yÞ ¼
t1ðtðxÞ þ tðyÞÞ on some neighborhood of point ðx0; y0Þ, we have oT ðx0;y0Þox ¼ t
0ðx0Þ
t0ðT ðx0;y0ÞÞ and
oT ðx0;y0Þ
oy ¼ t
0ðy0Þ
t0ðT ðx0;y0ÞÞ. Together we get
t0ðx0Þ
t0ðT ðx0; y0ÞÞ
þ m t
0ðy0Þ
t0ðT ðx0; y0ÞÞ
> k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ mpp
p
;
i.e.,
t0ðx0Þ þ mt0ðy0Þ < k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ mpp
p
 t0ðz0Þ;
where z0 ¼ T ðx0; y0Þ which is a contradiction. h
Similarly the following proposition can be proven.
Proposition 2. Let T : ½0; 12 ! ½0; 1 be a continuous t-norm continuously differentiable on
0; 1½2. Then T is k-lp-Lipschitz if and only if
oT
ox
ðx; yÞ þ m  oT
oy
ðx; yÞ 6 k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ mpp
p
ð6Þ
holds for all m 2 ½0;1½, ðx; yÞ 2 0; 1½2:
In order to get rid of the system of inequalities and replace it just by one we get as a
consequence of Theorem 2 the following corollary.
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continuous t-norm T : ½0; 12 ! ½0; 1. Then T is k-lp-Lipschitz for p > 1 if and only if
jt0ðxÞj pp1 þ jt0ðyÞj pp1 6 jk  t0ðzÞj pp1; ð7Þ
for all x; y 2 0; 1½ with tðxÞ þ tðyÞ 6 tð0Þ, z ¼ T ðx; yÞ. Note that for p ¼ 1 the inequality (7)
means
jt0ðxÞj þ jt0ðyÞj 6 jk  t0ðzÞj:Proof. A t-norm T is k-lp-Lipschitz if and only if the inequality (5) is fulﬁlled for all
m 2 ½0;1½ and thus we will show that the inequality (7) is equivalent to the fact that
the inequality (5) is fulﬁlled for all m 2 ½0;1½ (shortly we will say that the inequality (5)
is fulﬁlled). First let us note that the inequality (5) as well as the inequality (7) implies
t0ðxÞP k  t0ðzÞ and t0ðyÞP k  t0ðzÞ. In the case when t0ðyÞ ¼ k  t0ðzÞ the inequality (5) as
well as the inequality (7) imply t0ðxÞ ¼ 0. Since t0ðxÞ ¼ 0; x < 1 and t0ðuÞP k  t0ðxÞ (where
uP x; tðuÞ þ tðvÞ ¼ tðxÞ for some convenient v) imply t0ðuÞ ¼ 0 for all u 2 ½x; 1, it is a con-
tradiction with strict monotonicity of t. Thus in the case when t0ðyÞ ¼ k  t0ðzÞ, both (5) and
(7) are violated. Suppose that t0ðyÞ > k  t0ðzÞ:
Let (5) be fulﬁlled. Then for m ¼ jt0ðyÞj
1
p1
ðjkt0ðzÞj
p
p1jt0ðyÞj
p
p1Þ1p
(if p ¼ 1 we take m ¼ 1), the
inequality (5) is just the inequality (7) and thus (7) is fulﬁlled.
Vice versa, let the inequality (7) hold. Then deﬁne a function f : ½0;1½! R;
f ðmÞ ¼ t0ðxÞ þ mt0ðyÞ  k ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ mppp  t0ðzÞ. The inequality (5) is fulﬁlled if and only if
minm2½0;1½f ðmÞP 0. We know that f ð0ÞP 0 and since t0ðyÞ > k  t0ðzÞ we have
limmx!1f ðxÞ ¼ 1. Since f is for p < 1 differentiable on whole open interval 0;1½ to
see the non-negativity of f we need to investigate only values of f in stationary points. We
have f 0ðmÞ ¼ t0ðyÞ  k  t0ðzÞð1þ mpÞ1pp mp1 and f ðmÞ ¼ 0 if and only if m ¼
jt0ðyÞj
1
p1
jkt0ðzÞj
p
p1jt0ðyÞj
p
p1
 1
p
. Then f ðmÞ ¼ jk  t0ðzÞj pp1  ðjt0ðxÞj pp1 þ jt0ðyÞj pp1Þ. And thus because of
the inequality (7) we have f ðmÞP 0. In the case when p ¼ 1, the function f is piece-wise
linear and thus has no stationary points. We need to check in this case all points where the
derivative does not exist, this means that except boundary points we need to check m ¼ 1.
We have f ð1Þ ¼ jk  t0ðzÞj  ðt0ðxÞj þ jt0ðyÞjÞ and thus because of the inequality (7) we have
f ð1ÞP 0: h
Similarly the following corollary can be proven.
Corollary 2. Let T : ½0; 12 ! ½0; 1 be a continuous t-norm continuously differentiable on
0; 1½2. Then T is k-lp-Lipschitz for some p > 1 if and only if
oT
ox
ðx; yÞ
  p
p1
þ oT
oy
ðx; yÞ
  p
p1
6 k
p
p1 ð8Þ
holds for all ðx; yÞ 2 0; 1½2, and T is k-Lipschitz if and only if oTox ðx; yÞ 6 k and oToy ðx; yÞ 6 k
holds for all ðx; yÞ 2 0; 1½2.
A. Mesiarova´ / Internat. J. Approx. Reason. 46 (2007) 596–604 603The 1-lp-Lipschitz property of aggregation operators was already discussed in [2]. The
only 1-l1-Lipschitz t-norm is the minimum t-norm TM. From now on we will assume
p < 1. In [2] the following conjecture was posed.
Conjecture 1. A t-norm T : ½0; 12 ! ½0; 1 generated by an additive generator t is 1-lp-
Lipschitz if and only if there exists a convex function g : ½0; 1 ! ½0;1 such that
gpðxÞ ¼ tðxÞ.
Unfortunately, this conjecture is not proven yet. In order to obtain at least some partial
result, we should express an additive generator t by means of some additive generator g
with t ¼ gp. Then using Corollary 1 we obtain the following result.
Proposition 3
(i) Let t : ½0; 1 ! ½0;1 be a continuously differentiable additive generator of a continu-
ous t-norm T : ½0; 12 ! ½0; 1. Define an additive generator g : ½0; 1 ! ½0;1 by
gðxÞ ¼ t1pðxÞ for all x 2 ½0; 1 (i.e., gp is an additive generator of the t-norm T). Then
T is 1-lp-Lipschitz for p > 1 if and only ifgpðxÞjg0ðxÞj pp1 þ gpðyÞjg0ðyÞj pp1 6 ðgpðxÞ þ gpðyÞÞjg0ðzÞj pp1 ð9Þfor all x; y 2 0; 1½ with tðxÞ þ tðyÞ 6 tð0Þ, z ¼ T ðx; yÞ:
(ii) Let t : ½0; 1 ! ½0;1 be a continuously differentiable additive generator of a continu-
ous t-norm T : ½0; 12 ! ½0; 1. Define an additive generator g : ½0; 1 ! ½0;1 by
gðxÞ ¼ t1pðxÞ for all x 2 ½0; 1 (i.e., gp is an additive generator of the t-norm T). Then
T is k-lp-Lipschitz for p > 1 if and only ifgpðxÞjg0ðxÞj pp1 þ gpðyÞjg0ðyÞj pp1 6 ðgpðxÞ þ gpðyÞÞjk  g0ðzÞj pp1 ð10Þfor all x; y 2 0; 1½ with tðxÞ þ tðyÞ 6 tð0Þ, z ¼ T ðx; yÞ:
Note that for convex additive generators we have jg0ðxÞj 6 jg0ðzÞj for all x; z 20; 1½; z 6 x
and for all k-convex diﬀerentiable additive generators we have jg0ðxÞj 6 jkg0ðzÞj for all
x; z 20; 1½; z 6 x. This means that Proposition 3 immediately implies the following partial
conﬁrmation of Conjecture 1.
Corollary 3
(i) Let g : ½0; 1 ! ½0;1 be a convex differentiable additive generator of some (1-Lips-
chitz) t-norm T. Then t-norm T ½p generated by t ¼ gp is 1-lp-Lipschitz.
(ii) Let g : ½0; 1 ! ½0;1 be a k-convex differentiable additive generator of some (k-Lips-
chitz) t-norm T. Then t-norm T ½p generated by t ¼ gp is k-lp-Lipschitz.
Since Corollary 3 indicates that the situation in the class of 1-lp-Lipschitz t-norms and
in the class of k-lp-Lipschitz t-norms can be similar, we pose the following conjecture.
604 A. Mesiarova´ / Internat. J. Approx. Reason. 46 (2007) 596–604Conjecture 2. A t-norm T : ½0; 12 ! ½0; 1 generated by an additive generator t is k-lp-
Lipschitz if and only if there exists a k-convex function g : ½0; 1 ! ½0;1 such that
gpðxÞ ¼ tðxÞ.
The remaining task to prove the suﬃciency in Conjecture 1 (and Conjecture 2) is to
prove Corollary 3 also for additive generators which are not diﬀerentiable. This appears
to be in the case of convex additive generators an easy task (since convex additive gener-
ators have left and right derivatives everywhere on 0; 1½) and for k-convex additive gener-
ators it can be apparently proven because of the fact that any k-convex additive generator
can be approximated by k-convex additive generators which are piece-wise linear.
A more diﬃcult task is to prove that there is no non-convex (non-k-convex) additive
generator g : ½0; 1 ! ½0;1 such that gp is an additive generator of a 1-lp(k-lp)-Lipschitz
t-norm.
3. Conclusion
In this work, we characterized k-p-Lipschitz t-norms by means of k-p-convex additive
generators and we gave a characterization of diﬀerentiable k-p-convex additive generators.
The remaining task for future work is to give a more transparent characterization of k-p-
convex additive generators, or equivalently, to give the characterization of a class G of
additive generators g : ½0; 1 ! ½0;1 such that gp is k-p-convex. In this work we have
already shown that the class G is a superset of the class of all diﬀerentiable k-convex addi-
tive generators.
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